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Abstract
Causal analyses of longitudinal data generally assume that the
qualitative causal structure relating variables remains invariant
over time. In structured systems that transition between qualita-
tively different states in discrete time steps, such an approach is
deficient on two fronts. First, time-varying variables may have
state-specific causal relationships that need to be captured. Sec-
ond, an intervention can result in state transitions downstream
of the intervention different from those actually observed in the
data. In other words, interventions may counterfactually alter
the subsequent temporal evolution of the system. We introduce
a generalization of causal graphical models, Path Dependent
Structural Equation Models (PDSEMs), that can describe such
systems. We show how causal inference may be performed
in such models and illustrate its use in simulations and data
obtained from a septoplasty surgical procedure.

1 Introduction
Many scientific questions and engineering tasks may only be
approached by analyzing the behavior of a system over time.
Understanding long term health risk factors (Belanger et al.,
1978), trajectory tracking (Richards, 2005), speech recogni-
tion (Rabiner, 1989), game playing (Thrun, 1995), all require
modeling the temporal evolution of a system. Many models
for longitudinal or time series data, such as hidden Markov
models or Kalman filters, are graphical models, and most may
be viewed as dynamic Bayesian networks (DBNs) (Murphy,
2012). These models are used to predict the future evolution of
systems, or find latent structures that best explain observations.
Despite their complexity and usefulness, these models deal
with fundamentally associative relationships. However, test-
ing empirical hypotheses or providing decision support tools
in complex domains that vary over time often requires causal
modeling.

Causal models previously used for such tasks include graph-
ical causal models (Pearl, 2009), marginal structural mod-
els (Robins, 1997), structural nested models (Robins, 1999),
as well as models of counterfactual regret (Murphy, 2003;
Chakraborty and Moodie, 2013). However, these models have
generally assumed an invariant causal structure over time. For

example, analysis of the impact of anti-retroviral therapy on
HIV infection progression in observational studies assumed
the same variables relevant for the patient health and the same
causal relationships linking them at each time point in the study
(Hernán et al., 2000). Changes tracked over time (such as HIV
developing resistance to the current drug) are thus quantitative,
with the underlying causal structure remaining unchanged over
time. However, many systems undergo qualitative changes as
well, where observability, relevance, and causal relationships
of variables vary over time.

Consider the task of modeling surgical procedures to make
informed decisions on resident surgeon training. Surgeries are
often divided into discrete stages, each with an intermediate
goal (Ahmidi et al., 2015). Each stage is associated with a
distinct set of variables and relationships among them that may
not be shared across stages. For instance, stitching together a
previously made incision is a routine task requiring few tools
that may be executed by a surgical robot, while reconstructing
cartilage may require multiple tools, high surgical skill and
manual dexterity. Another feature of surgeries is that proce-
dures performed at a particular stage can go wrong, forcing
surgeons to "double back" to correct mistakes, or deal with com-
plications. Surgeon experience may often determine whether
previous stages of the surgery are revisited. The goal of causal
inference in this setting is to help assign surgeons to perform
different stages of the surgery while navigating the tradeoff
between the need to train resident surgeons on the one hand,
and operating costs and patient safety on the other.

Addressing this tradeoff entails using retrospective data to
estimate outcomes of surgery trajectories that differ from those
actually observed due to counterfactually different choices of
surgeon assignment in past stages of the surgery. Following the
convention in the economics literature, we call the phenomenon
where the evolution of a system changes in response to coun-
terfactually different past choices path dependence (Liebowtiz
and Margolis, 2002).

Other examples of path dependence include life course stud-
ies examining economic disparities in society or patient out-
comes in hospitals using Electronic Health Record (EHR) data.
Whether and where subjects went to elementary and high
school, college, and their place of work, all represent quali-
tatively different stages of subjects’ lives, with correspondingly
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different variables and causal relationships among them. In
addition, subjects might re-enroll in school, or otherwise revisit
different stages in their life. Finally, life outcomes and life
trajectories depend on counterfactually different life choices
in the past, such as the choice to not enroll in college. Similar
arguments can be made for patients being assigned to different
parts of a hospital, such as the emergency room, the ward, the
intensive care unit, or the operating room. Causally relevant
variables and relationships between them differ drastically de-
pending on which part of the hospital patients find themselves
in. In practice, patients may revisit above parts of the hospital
multiple times, often in response to various treatment decisions
made. Counterfactually different decisions would result in
potentially different patient trajectories.

In this paper, we introduce the path-dependent structural
equation model (PDSEM) for causal systems that exhibit quali-
tative changes over time, observed or unobserved confounding,
and path-dependence on counterfactual choices in the past. Our
model can be viewed as a generalization of causal dynamic
Bayesian networks, that allows complex and repeating stage
transitions, and distinct causal models at each stage, or as a
generalization of Markov decision processes (MDPs) that uses
causal models in each state. In our formulation, each state is
modeled explicitly as a (possibly hidden variable) causal model,
and where observed actions are not chosen by the optimizer
as in reinforcement learning problems, but instead determined
by the data generating process that may contain unobserved
confounders. As a result, our model combines complex and
potentially looping state transitions of MDPs, and complex
relationships among variables of a causal model. PDSEMs may
also be viewed as a generalization of a Markov chain endowed
with graphical causal model semantics, which allows handling
of confounding and analysis of counterfactual state transitions.

2 Background
We first introduce necessary causal modeling ideas and previous
work, before extending them to allow path-dependence.

2.1 Statistical and Causal Graphical Models

The statistical model of a directed acyclic graph (DAG) G(V)
with a vertex set V ≡ {V1, . . . , Vk}, called a Bayesian network,
is the set of distributions that factorize with respect to the DAG
as p(V) =

∏
Vi∈V p(Vi | paG(Vi)) where paG(Vi) are parents

of Vi in G.
Causal models of a DAG are also sets of distributions but on

counterfactual random variables. Each variable Vi in a causal
model is determined from values of its parents paG(Vi) and an
exogenous noise variable εi via an invariant causal mechanism
called a structural equation fi(paG(Vi), εi). Causal models
allow counterfactual intervention operations, denoted by the
do(a) operator in (Pearl, 2009). Such operations replace each
structural equation fi(paG(Vi), εi) for Vi ∈ A ⊂ V by one that
sets Vi to a constant value in a corresponding to Vi. The joint
distribution of variables in Y ≡ V \A after the intervention
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Figure 1: (a) Prior network DAG G0, representing the state of
the dynamic Bayesian network at time t = 0. (b) A conditional
DAG Gt,t+1 representing the transitions in a dynamic Bayesian
network. (c) A dynamic Bayesian network model unrolled to
four time steps.

do(a) was performed is denoted by p(Y | do(a)), equivalently
written as p({Vi(a) : Vi ∈ Y}), or p(Y(a)), where Vi(a) is a
counterfactual random variable or a potential outcome.

A popular causal model called the non-parametric structural
equation model with independent errors (NPSEM-IE) (Pearl,
2009) assumes, aside from the structural equations for each
variable being functions of their parents in the DAG G(V),
that the joint distribution of all exogenous terms are marginally
independent: p(ε1, ε2, . . .) =

∏
Vi∈V p(εi). The NPSEM-IE

implies the DAG factorization of p(V) with respect to G(V),
and a truncated DAG factorization known as the g-formula:

p(Y(a)) =
∏

Vi∈Y

p(Vi | paG(Vi))|A=a (1)

for every A ⊆ V, and Y = V \A.

2.2 Graphical Models In Discrete Time
While Bayesian networks lend themselves well to the modeling
of static data, dynamic data with temporal evolution requires
more sophisticated models. A generalization of the Bayesian
network model for discrete time temporal systems is the dy-
namic Bayesian network (DBN) model (Murphy, 2012), which
captures relationships between variables across time.

A DBN is specified by a pair of DAGs, and a corresponding
pair of factorized distributions. The prior network G1 and its
corresponding distribution p(V1) =

∏
Vi∈V1

p(Vi | paG1(Vi))
represent the state of the system at the first time step. The
transition network Gt,t+1 is a conditional DAG (CDAG) with
random vertices Vt+1 representing variables at time point t+1,
and fixed vertices Vt representing context in the previous
time point t. We will describe such conditional graphs by
a shorthand “Gt+1,t on Vt+1 given Vt.” In this conditional
DAG no arrowheads into vertices in Vt are allowed. The
corresponding conditional distribution p(Vt+1 | Vt) repre-
sents the way variables at point t + 1 depend on each other,
and on variables at the prior time point t (and on no other
prior variables, such as those at time point t − 1). This de-
pendence leads to a first order Markov DBN. This distribu-
tion factorizes with respect to the CDAG Gt,t+1 as follows:
p(Vt+1 | Vt) =

∏
Vi∈Vt+1

p(Vi | paGt,t+1
(Vi)).

The joint distribution for the DBN system over a finite num-
ber of discrete time steps T is given by the product of the prior
network distribution, and the transition conditional probability
distributions for a set of time steps, as follows:
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Figure 2: A hidden variable DAG and latent projection ADMG

( ∏
V ∈V1

p(V | paG1(V ))

)
·
T−1∏
t=1

 ∏
V ∈Vt+1

p(V |paGt,t+1
(V ))

 (2)

A simple DBN is represented in Figure 1, where the prior net-
work ( 1(a)) contains two variables A and L, and the transition
network ( 1(b)) shows connections among the state variables
in the prior state at time t and the subsequent state at time
t + 1. We represent fixed vertices in a transition network via
squares. Figure 1(c) shows the DBN implied by these prior
and transition networks unrolled over 4 time steps. DBNs can
be naturally extended to represent causal models by assuming
that both prior and transition networks are causal DAGs. In
other words, we assume values of every variable Vi in both the
prior and the transition network is determined, via a structural
equation fi(.), in terms of its observed parents paG1(Vi) (or
paGt,t+1

(Vi)) and an exogenous noise term εi. If we further
assume that all exogenous noise variables are marginally inde-
pendent, we arrive at a DBN version of the NPSEM-IE, where
in addition to the g-formula (1) holding for the prior network,
the conditional g-formula holds for the transition network:

p(Yt+1(a)|Vt) =
∏

Vi∈Yt+1

p(Vi|paG(Vi))|A=a, (3)

for any A ⊆ Vt+1, and Yt+1 = Vt+1 \A.
Thus, a causal DBN “unrolled” to a set of time points

1, . . . , T yields a standard causal DAG model with vertices
V1:T ≡ V1∪V2∪ . . .∪VT . In particular, for an intervention
that sets A ⊆ V1:T to constant values a, the interventional
distribution p(Y1:T (a)), where Y1:T = V1:T \A, is identified
by: ∏

V ∈V1\A

p(V |paG1(V ))

T−1∏
t=1

∏
V ∈Vt+1\A

p(V |paGt,t+1
(V ))

∣∣∣∣∣
A=a

(4)

Causal DBNs have been considered in prior work. Peters
et al. (2013) illustrated how structural equations can be used in
the context of time series data, addressing issues of identifiabil-
ity. Malinsky and Spirtes (2018, 2019); Mogensen et al. (2018)
presented structure learning algorithms for causal dynamic net-
works and applied them to macroeconomic data.

2.3 Causal Inference With Hidden Variables
The g-formula (1) provides an elegant link between observed
data and counterfactual distributions in causal models where
all relevant variables are observed. Causal models that arise in
practice, however, contain hidden variables. Representing such
models using a DAG G(V ∪H) where V and H correspond to
observed and hidden variables, respectively, is not very helpful,
since applying (1) to G(V ∪H) results in an expression that
involves unobserved variables H.

A popular alternative is to represent a class of hidden variable
DAGs Gi(V ∪Hi) by a single acyclic directed mixed graph
ADMG G(V) that contains directed (→) and bidirected (↔)
edges and no directed cycles via the latent projection operation
(Verma and Pearl, 1990) (see Section B of the Appendix). The
latent projection ADMG G(V) captures relationships between
observed variables V implied by the factorization of p(V ∪H)
with respect to G(V ∪H) via the nested Markov factorization
of p(V) with respect to G(V) (Richardson et al., 2017).

In particular, just as identification in DAGs may be viewed
in terms of a modified DAG factorization (1), identification
in a hidden variable DAG G(V ∪ H) may be viewed in
terms of a modified nested factorization of G(V). The nested
Markov factorization of p(V) with respect to G(V) is defined
in terms of Markov kernels of the form qD(D|paG(D) \D),
where set D ⊆ V is intrinsic in G(V) (see below). Kernels
qD(D|paG(D) \D) are objects that resemble conditional den-
sities p(Vi | paG(Vi)) that arise in the Markov factorization for
a DAG, in the sense that they are non-negative and normalize
to 1 for every value of paG(D) \D. Kernels making up the
nested Markov factorization are all functionals of p(V), how-
ever, they are not necessarily equal to conditional distributions
p(D | paG(D) \D).

A set D is intrinsic if it is bidirected connected and reachable.
A set D is reachable if it is possible to find an order on variables
〈S1, S2, . . . , Sm〉 ≡ V \D such that in each subgraph Gi(V),
obtained from G(V) by removing all vertices {S1, . . . , Si−1}
and adjacent edges, there is no variable W that is a descendant
of Si in Gi(V), and simultaneously has a path to Si consisting
exclusively of bidirected edges.

The nested Markov factorization asserts that the ob-
served margin p(V) can be expressed as a product∏

D∈D(G(V)) qD(D | paG(D)\D) of kernels whereD(G(V))
is the set of bidirected connected components, called districts,
in G(V). Additionally, the factorization implies certain other
kernels associated with reachable sets may be expressed as
similar products of intrinsic kernels. Finally, the modified form
of the factorization may be used to express any interventional
distribution identified from p(V), as follows.

Given a latent projection ADMG G(V) representing a hidden
variable causal model, and any disjoint subsets Y,A of V, let
Y∗ be the set of ancestors of Y in G(V) via directed paths that
do not pass through A, and let GY∗ be the induced subgraph of
G(V) containing only vertices in Y∗ and edges among these
vertices.

(Shpitser and Pearl, 2006; Richardson et al., 2017) showed
that any interventional distribution p(Y(a)) is identified from
p(V) given G(V) if and only if every bidirected connected
component in GY∗ is intrinsic. Moreover, if p(Y(a)) is identi-
fied, it is given by the following margin of the modified nested
Markov factorization, made up of the appropriate kernels:
p(Y(a)) =

∑
Y∗\(Y∪A)

∏
D∈D(GY∗ )

qD(D| paG(D) \D)|A=a. (5)

As a simple example, consider the hidden variable DAG in
Fig. 2(a). Its latent projection ADMG in Fig. 2(b), called the
front-door graph, has intrinsic sets {A}, {M}, {A, Y }, {Y },
with the corresponding kernels: qA(A) ≡ p(A), qM (M |A) ≡
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Figure 3: (a),(d) Prior network hidden variable DAGs G0, rep-
resenting the state at time t = 0. (b),(e) Conditional hidden
variable DAGs Gt,t+1 representing the transitions in the net-
work, with (e) leading to a first-order Markov model, and (b)
leading to higher order dependences to unobserved hidden vari-
ables Ut linking multiple time points. (c),(f) Latent projection
ADMGs of the unrolled hidden variable DBNs to three time
steps.

p(M |A), qA,Y (A, Y |M) ≡ p(Y |M,A)p(A), and qY (Y |
M) ≡

∑
A p(Y |M,A)p(A).

By the nested Markov factorization, the observed mar-
gin p(A,M, Y ) factorizes as qA,Y (A, Y |M)qM (M |A).
In addition, certain other distributions also factor-
ize. For example, the margin p(A,M) is equal to
qA(A)qM (M |A). Further, p(Y (a)) is identified from
p(A,M, Y ) and equal to

∑
M qY (Y |M)qM (M |a) =∑

M (
∑
A′ p(Y |M,A′)p(A′)) p(M |a), which is the front-

door formula (Pearl, 1995). See Section B of the Appendix for
a detailed exposition of the nested Markov factorization and
identification theory in ADMGs.

3 Identification In Hidden Variable
DBNs

Identification theory in hidden variable causal models can be
extended to hidden variable causal DBN models as well. To the
best of our knowledge, this extension is novel.

We start with an assumption that will allow us to view the
marginal version of the DBN, defined only on observed vari-
ables, as a first-order Markov DBN.

Assumption 1 The transition network Gt+1,t only depends on
fixed variables in the previous time step t that are observed.

If Gt+1,t depends on fixed variables that are hidden, the result-
ing DBN may result in observed variables in step t + 1 that
depend on observed variables earlier than t even if observed
variables in t are conditioned on.

For example, consider the DBN specified by prior and tran-
sition networks in Fig. 3 (a) and (b). Because the variable
Lt+1 depends on Ut, which is unobserved, and Ut influences
Lt, “unrolling” this network, and taking the latent projection
yields an ADMG shown in Fig. 3 (c), where L3 ends up being

dependent on L1, even after conditioning on L2, A2 (due to
the “explaining away” phenomenon arising when a shared ef-
fect L2 of two variables U2 and U1 is conditioned on). On the
other hand, the DBN specified by prior and transition networks
in Fig. 3 (d) and (e) does not suffer from this issue, as the
transition network only depends on observed variables Lt, At,
yielding a latent projection of the “unrolled” model shown in
Fig. 3 (f), which factorizes into time step specific conditional
distributions: p(A1, L1)p(A2, L2|A1, L1)p(A3, L3|A2, L2).

In general, given a hidden variable prior network G1 on
V1,H1, and transition network Gt+1,t on Vt+1,Ht+1 given
Vt, the hidden variable DBN may be represented by latent
projections of the prior and transition networks: an ADMG G1
on V1, and a conditional ADMG (CADMG) Gt+1,t on Vt+1

given Vt, and the corresponding marginal distributions p(V1)
and p(Vt+1,t|Vt). The “unrolled” version of the factorization
of this model is: p(V1)

∏T
t=1 p(Vt+1,t|Vt), where each term

nested Markov factorizes with respect to either G1 or Gt+1,t

by results in (Richardson et al., 2017). Intrinsic and reachable
sets are defined in CADMGs by ignoring fixed vertices, and
the nested factorization generalizes in the natural way from
ADMGs from CADMGs, see Section B of the Appendix for
details.

If the underlying DAGs correspond to causal models, the
hidden variable DBN yields identification theory where the
modified nested factorization (5) is applied at every time point,
just as (1) was applied at every point in a fully observed causal
DBN to yield (4). That is, given a fixed set of time points
1, . . . , T , vertices V1:T ≡ V1 ∪V2 ∪ . . . ∪VT , and disjoint
subsets A,Y ⊆ V1:T , we have the following result:

Lemma 1 Under Assumption 1 , p(Y(a)) is identified from
a hidden variable causal DBN model represented by latent
projections G1 on V1 and Gt+1,t on Vt+1 given Vt if and
only if every bidirected connected component in G1Y∗1 (the
induced subgraph of G1) is intrinsic in G1, and every bidirected
component in Gt+1,tY∗i

(the induced subgraph of Gt+1,t) is
intrinsic in Gt+1,t, where Y∗1 is the set of ancestors of Y ∩V1

not through A ∩V1 in G1, and for every i ∈ 2, . . . , T , Y∗i is
the set of ancestors of Y ∩Vi not through A ∩Vi in Gt+1,t.
Moreover, if p(Y(a)) is identified, we have

( ∑
Y∗1\((Y∪A)∩V1)

∏
D∈D(G1Y∗1

)

q1D(D| paG(D) \D)|A=a

)
×

T∏
i=2

( ∑
Y∗i \((Y∪A)∩Vi)

∏
D∈D(Gt+1,tY∗

i
)

qt+1,t
D (D| paG(D) \D)|A=a,

)

where q1D and qt+1,t
D are kernels corresponding to intrinsic sets

that are districts in D(G1Y∗1 ) and D(Gt+1,tY∗1
) in the nested

Markov factorizations of G1 and Gt+1,t, respectively.

We present the proof of this result and a worked example in the
Section B of the Appendix.
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4 Fully Observed PDSEMs

A crucial modeling assumption employed by causal DBNs is
that both structure and parameterization remain invariant over
time. Such a model is ill-suited to capture the sort of path depen-
dence described in the introduction. We now describe our new
approach to relaxing this assumption via path dependent struc-
tural equation models (PDSEMs), which are a generalization
of causal DBNs that can capture path dependence.

4.1 A Simple PDSEM

To illustrate PDSEMs, we will use a simple example inspired
by our surgery setting. We assume a surgery will consist of
three states: s1 (“incision”), s2 (“modification of bone/tissue”),
and s3 (“closing the incision”). Further, each state has the
following variables: A (patient status prior to any procedures
in the current stage), B (experience of surgeon performing the
procedure in the current stage) and C (the observed patient out-
come for the stage after procedure is performed), all observed.
The surgery always starts at s1, and concludes upon reaching s3.
Procedures performed in s2 may either succeed, leading to s3,
or fail with some probability, leading the surgeon to revisit s1.
Note that DBNs are unable to capture even this simple example,
due to the fact that DBN cannot represent distinct transitions to
qualitatively different states. The state transition diagram for
this scenario is shown in Fig. 4 (b). By contrast, the only type
of state transition diagram allowed by DBNs contains a single
self-looping state.

Relationships between variables in s1 are shown by a causal
diagram in Fig. 4 (a), corresponding to a set of structural equa-
tions as described in Sec 2.1. Fig. 4 (a) serves the role played
by the prior network in a causal DBN. In addition to variables
A1, B1 and C1, this graph contains variable S1, representing
the state to transition to, at time step 1. In general, the probabil-
ity associated with this variable may depend on other variables
in the current state, however in our simple model, the state s1

transitions to s2 with probability 1.
Transitions are specified by causal CDAGs for each possi-

ble state transition, shown in Fig. 4(c),(d) and (e) (without the
dashed edge). These graphs include edges between variables
in time steps t and t + 1, as well as state-specific relation-
ships among variables at time t+ 1. Note that unlike a DBN,
which only had a single transition network, multiple transition
networks are needed to represent multiple transitions between
different states. We assume state spaces of variables associated
with each state are the same across state transition and prior
graphs, though variables themselves and their causal relation-
ships may differ across graphs. For example, the state spaces
of A1, B1, C1 in Fig. 4(a) and A21, B21, C21 in Fig. 4(c) are
the same, while the variables themselves (and the causal graphs
relating them) are not. This implies values may be indexed by
state, e.g. a1 can refer without loss of generality to a value of
A1 or A21. We thus can thus index conditional distributions
that depend on a prior state only by the prior state itself, e.g.
p(A12|A1) is a shorthand for “a density over A12 in transition
(1, 2) given any value a1 of any variable of the form Ai1.”
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B1 C1

S1

(a) s1

s1

s2 s3

(b)

A1

B1

C1

A12

B12

C12 S12

(c) s1t → s2t+1

A2

B2

C2

A23

B23

C23 S23

(d) s2t → s3t+1

A2

B2

C2

A21

B21

C21 S21

(e) s2t → s1t+1

s1 s2 s3

s1 s2 s3

s1 s2 s3

...

...

...

(f)

A1 A12 A23

B1 B12 B23

C1 C12 C23

S1 S2 S3

(g)

Figure 4: A simple PDSEM. (a) Causal structure of the initial
state S1. (b) The state transition diagram. (c),(d),(e) Causal di-
agrams representing possible transitions and subsequent states.
(f) Causal relationships in a system evolving according to the
state transitions: s1 → s2 → s3. (g) A snapshot of a possible
PDSEM trajectory represented as an unrolled DAG

Causal graphs in 4(a),(c),(d),(e), along with the state-
transition diagram 4(b), completely describe the fully observed
PDSEM. Complex state dynamics are captured by distinct state
causal DAGs and path-dependence is simply a consequence of
state-transitions that depend on variables in the current state,
and not just the state itself.

The model we describe represents a randomized controlled
trial where the surgeon operating during state s2 is randomly
assigned, hence B12 in the transition graph in Fig. 4 (c) has no
parents. Otherwise, we encode standard causal relationships
we expect: C in the previous state influences A,C in the next,
and A in the previous state influences A in the next. Surgeon
assignment B12 in s2 influences assignments in subsequent
stages, whether they are s1 or s3. The state transition at s2

depends on the outcome C at that state. In s3, B does not
influence C, since closing the incision is a task adequately
performed independent of surgeon experience.

The observed data factorization of a fully-observed PDSEM
includes, in addition to factorization of the initial state causal
DAG and factorizations with respect to CDAGs representing
state transitions, state transition probabilities which are func-
tions of variables in those factorizations. This factorization is
not finite, but yields a well defined joint distribution p∞ over
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possible trajectories shown in 4(f). In our case, the distribution
p∞ factorizes as follows:

p1

∞∏
t=1

(p12)
I(s1t ,s

2
t+1) (p23)

I(s2t ,s
3
t+1) (p21)

I(s2t ,s
1
t+1) 1I(s

3
t )

p1=p(A1)p(B1|A1)p(C1|A1,B1)p̃(S1)

p12=p(A12|A1,C1)p(B12)p(C12|B12,A12,C1)p(S12|C12)

p23=p(A23|A2,C2)p(B23|B2,A23)p(C23|A23,C2)p̃(S23)

p21=p(A21|A2,C2)p(B21|B2,A2,C2)p(C21|C2,B21,A21)p̃(S21),

where sit is the event “the state at time t is si, and all p̃ are
deterministic by definition of our model.

PDSEMs, being causal models, allow us to reason about out-
comes of interventions, for example questions such as: “what
would happen if all procedures at every stage of a surgery are
performed by the resident surgeon (B = b), possibly contrary
to fact.” The counterfactual joint distribution p∞(b) corre-
sponding to this intervention is obtained by standard structural
equation replacement semantics of interventions applied to the
models representing initial and transition graphs (Pearl, 2009).
This distribution can be written as a product of state-specific
marginal and conditional counterfactual distributions as fol-
lows:

p1(b)

∞∏
t=1

(p12(b))
I(s1t ,s

2
t+1)(p23(b))

I(s2t ),s
3
t+1)(p21(b))

I(s2t ,s
1
t+1)1I(s

3
t )

The distribution p∞(b) is identified by using the g-formula
for every component of the factorization of p∞, in a generaliza-
tion of (4), yielding:

p∗0

∞∏
t=1

(p∗12)
I(s1t ,s

2
t+1) (p∗23)

I(s2t ),s
3
t+1) (p∗21)

I(s2t ,s
1
t+1) 1I(s

3
t )

p∗1 = p(A1)p(C1|A1, b)p̃(S1)

p∗12 = p(A12|A1, C1)p(C12|b, A12, C1)p(S12|C12)

p∗23 = p(A23|A2, C2)p(C23|A23, C2)p̃(S23)

p21 = p(A21|A2, C2)p(C21|C2, b, A21)p̃(S21).

While the distribution p(S12|C12) governing how likely it is
that s1 or s3 are visited from s2 remains the same, the probabil-
ity that s1 is visited from s2 is likely higher in p∞(b) compared
to p∞. This is because B12 (counterfactually set to b) causes
C12, and C12 causes S12. Thus, PDSEMs encode counterfactu-
ally changing state transition probabilities from their observed
values. For example, surgeries where all stages are counterfac-
tually performed by the less experienced resident surgeon might
see more double-backs to s1 to correct mistakes, compared to
actually observed surgeries.

Having described this simple example, we turn to giving a
general definition of PDSEMs.

4.2 Arbitrary PDSEMs
An arbitrary PDSEM is defined using a set of states s, with an
initial state s1 and an absorbing state s∗, a set T of state index
pairs of the form (i, j), where si 6= s∗ representing allowed
state transitions, a DAG G1 on V1 for the initial state s1, and
for each (i, j) ∈ T , a CDAG Gij on Vij given Vi. Variables
S1 ∈ V1, {Sij ∈ Vij : (i, j) ∈ T } determine probabilities
of transitioning from state to state. Just as in a causal DBN,
the DAG G1, and CDAGs Gij represent structural equation

models for the initial state, and the appropriate state transitions,
respectively. That is, in the initial state, each variable V ∈ V1

is determined via fV (paG(V ), εV ). Similarly, for each variable
V ∈ Vij in any state transition represented by Gij . We assume
S1, {Sij : (i, j) ∈ T } have no outgoing edges (this is without
loss of generality, as structural equations are already state-
specific in a PDSEM).

In order to formulate a first order Markov PDSEM, we need
the following assumption that ensures that we need not con-
dition on any context in the past except variables in the prior
state.

Assumption 2 For every state sj , any CDAG Gij or DAG Gj
will have random variables that share state spaces.

We thus denote the values of any Vij for any transition (i, j)
into state j by vj (note the lack of dependence on i). As in our
example above, we index conditional densities that depend on
variables in a prior state by that state only, e.g. p(A12|A1).

Define V ≡ V1 ∪
(⋃

(i,j)∈T Vij

)
. A PDSEM yields an

observed data distribution p∞(V) with the following factoriza-
tion:

p1(V1)

∞∏
t=1

 ∏
(i,j)∈T

(pij(Vij |Vi))
I(sit,s

j
t+1)

 1I(s
∗
t )

p1(V1) =
∏

V ∈V1

p(V | paG1(V )); pij(Vij |Vi) =
∏

V ∈Vij

p(V |paGij (V ))

An intervention in a PDSEM is defined on a set of treatment
variables A ≡

⋃
(i,j)∈T Aij and a set to values a with the

property that for any (i, j), (k, j) ∈ T , the same values aj
are being set to Aij and Aij . Define Yij in each transition
graph Gij to be all variables in that state not in Aij , with their
corresponding values being yj , their union being Y, and the
values of the union being y.

A new counterfactual distribution p∞(Y(a)) is obtained
from the counterfactual initial state distribution p1(Y1(a1)),
and transition distributions pij(Yij(aj)|Yi(ai)) as:

p1(Y1(a1))

∞∏
t=1

 ∏
(i,j)∈T

(pij(Yij(aj)|Yi(ai)))
I(sit,s

j
t+1)

1I(s∗t )
(6)

Individual counterfactual distributions are obtained using
standard structural equation replacement semantics.

Since the initial state and transitions are defined using struc-
tural equations, we obtain the following identification result,
which generalizes the DBN g-formula (4) to PDSEMs.

Lemma 2 Given a fully observed PDSEM, each factor of the
distribution p∞(Y(a)) is identified from p∞(V) as:

p1(Y1(a1)) ≡
∏

V ∈Y1\A1

p1(V |paG1(V ))
∣∣∣
A1=a1

pij(Yij(aj)|Yi(ai)) ≡
∏

V ∈Yij\Aj

pij(V | paGij (V ))
∣∣∣Ai=ai,
Aj=aj

(7)

5 PDSEMs With Hidden Variables
In extending causal inference to latent variable PDSEMs, in
addition to Assumption 1 and Assumption 2, we also assume
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the probabilities of any state transition trajectories are observed.

Assumption 3 The variables Sij for any (i, j) ∈ T governing
state transition probabilities are observed.

The latent variable PDSEMs then decompose into an initial
state and a set of transitions such that causal inference results
may be stated without loss of generality using latent projection
ADMGs (and CADMGs) of appropriate DAGs and CDAGs. In
addition, the fact that variables Sij are observed implies we can
evaluate counterfactual state transition probabilities, provided
they are identified.

Formally, fix a PDSEM defined given the initial state DAG is
G on V1,H1 and the set of transition CDAGs Gij on Vij ,Hij

given Vi, for all (i, j) ∈ T , such that S1 ∈ V1, Sij ∈ Vij

for every (i, j) ∈ T , for every j and all (i, j), (k, j) ∈ T ,
Hij = Hkj and Vij = Vkj . We assume the variables V ≡
{V1} ∪

⋃
(i,j)∈T Vij , and H ≡ {H1} ∪

⋃
(i,j)∈T Hij are

observed, and hidden, respectively.
Given this definition of a latent variable PDSEM, the ob-

served data distribution p∞(V) is obtained from applying the
usual transition probabilities to the margin at the initial state
p1(V1) ≡

∑
H1

p1(V1∪̇H1), and the margins of all transition
probabilities pij(Vij |Vi) ≡

∑
Hij

pij(Vij∪̇Hij |Vi).
As before, fix a set of observed treatment variables A, which

is the union of {Aij : (i, j) ∈ T }, such that the same values
aj are set to Aij ,Akj for any (i, j), (k, j) ∈ T , and the set
of outcomes Yij = Vij \Aij for any (i, j) ∈ T , with Y the
union of {Yij : (i, j) ∈ T }.

Given the way the latent variable PDSEM was defined, iden-
tification theory for p∞(Y(a)) reduces to identification theory
for p1(Y1(a1)) in the latent projection ADMG G1 on V1, and
pij(Yij(aj)|Vi(ai)) in the latent projection CADMG Gij on
Vij given Vi, as follows:

Lemma 3 Under Assumptions 1, 2 and 3, given a latent vari-
able PDSEM represented by G1 and {Gij : (i, j) ∈ T },
p∞(Y(a)) is identified from p∞(V) if and only if every bidi-
rected component in G1Y1

is intrinsic in G1, and every bidi-
rected component in GijYj

is intrinsic in Gij for every i and j.
Moreover, if p∞(Y(a)) is identified, it is equal to

p1(Y1(a1))

∞∏
t=1

 ∏
(i,j)∈T

(pij(Yij(aj)|Yi(ai)))
I(sit−1,s

j
t )

1I(s∗t−1)

(8)
where

p1(Y1(a1)) =
∏

D∈D(G1Y∗1
)

q1D(D| pasG1(D))
∣∣∣
A1=a1

, (9)

where each kernel q1D(D|pasG1(D)) is in the nested Markov
factorization of p1(V1) with respect to G1, and

pij(Yij(aj)|Yi(ai)) =
∏

D∈D(GVij\Aij
)

qijD(D| pasGij (D))
∣∣∣Ai=ai,
Aj=aj

(10)

where each kernel qijD(D|pasGij (D)) is in the nested Markov
factorization of pij(Vij |Vi) with respect to Gij .

An example of a hidden variable PDSEM and identifying func-
tionals are given in Section B of the Appendix.

6 Experiments
6.1 Simulation of a latent variable PDSEM
We show how statistical inference may be performed in the
example presented in Section 4.1 and Fig. 4, altered to include
latent variables. The system has states {s1, s2, s3} and three
variables in each state {A,B,C}. Additionally, s2 has a hidden
common cause of A and B. This is represented by the red
(dotted) bidirected edge A↔ B in the latent projected ADMG
shown in Fig. 4(c). Patient health status A, surgeon experience
B, and duration of the stage of surgery C, are all continuous
variables. State and transition graphs are identical to those in
Fig. 4.

Two sets of parameters associated with a generative model
of this kind are p(St+1 = sj |St = si,Vt), where sit → sjt+1

is a transition allowed by the model and p(V ijt+1 = v|St+1 =
sj , St = si,Vt), where V ij ∈ {Aij , Bij , Cij}, and, sit →
sjt+1 is an allowed transition. These parameters are chosen to
be reasonable for the surgery application, yielding a distribution
Markov relative to appropriate graphs.

A dataset of N = 10000 “surgeries” was simulated, all with
the same initial state. Transition probabilities were generated
using a logistic regression on variables in the current state, with
transitions eventually terminating at the absorbing state. Each
variable Vi is generated from a set of linear structural equations
with correlated errors. Using generated data, state transition
probabilities were estimated using maximum likelihood. Pa-
rameters for the structural equation model were estimated using
the RICF algorithm (Drton et al., 2009), implemented in the
Ananke 1 package (Bhattacharya et al.).

We used the PDSEM to consider the causal impact of surgeon
experience (measured by total operating time in their career) on
average surgery length. This outcome is easy to measure, and
is known to serve as an informative proxy for other measures of
surgery quality, such as follow-up assessments of quality of life
(Rambachan et al., 2013; Jackson et al., 2011). We assessed
this causal question by generating two sets of sampled surgery
trajectories where, in each stage of the surgery, the surgeon was
intervened to have higher (vs. lower) career operating time by
one unit. These trajectories may be viewed as a Monte Carlo
sampling scheme for evaluating the functional given by (13),
(14) and (15). The comparison of these two sets of trajectories
may be viewed as a generalization of the average causal effect
(ACE) from classical longitudinal causal models to PDSEMs.

The results are shown in Fig. 5. Surgeries performed by ex-
perienced surgeons are shorter ( µ = 5.79, q0.05 = 3,q0.95 =
13) than those performed by trainees (µ = 7.02, q0.05 = 3,
q0.95 = 17) where qp denotes the pth quantile. Surgeries per-
formed by trainees have higher variance.

6.2 Data Application of the PDSEM
We now illustrate how a PDSEM may be applied to analyze
data obtained from a surgery. Our dataset consists of 236
septoplasty procedures conducted at our institution’s research
hospital. A total of 57343 timestamped records were collected,

1https://ananke.readthedocs.io/en/latest/index.html
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Figure 5: Histograms of the number of transitions in a surgery
under two different interventions: when a more experienced
surgeon performs the entire procedure, and when a less experi-
enced trainee performs the entire procedure.

including tool and personnel activity. Surgeries consist of six
distinct phases: s1 (opening of the septum), s2 (raising septal
flaps), s3 (removal of deviated septal cartilage and bone), s4

(reconstruction), s5 (closing of the incision), and s6 (other
activity). An artificial absorbing state send represents the end
of procedures. Procedures are often led by an attending, with
a surgeon trainee assisting. Of the surgeries, 42.79% of them
were performed fully by the leading attending; the others by
a team. Also, attending surgeons perform for 64.98% of all
operating time and trainees the rest. Twelve different surgical
tools were tracked for use. Each phase of the surgery requires
different techniques and tools. The progression of the surgery is
not monotonic – surgeons commonly revisit earlier stages. The
state transition diagram representing allowed state transitions
is presented in Fig 7. We chose to discretize all variables into
two categories. Model parameters were estimated by maximum
likelihood. More details about the data and model can be found
in Section D of the Appendix.

Figure 6: Histograms of hypothetical surgeries performed
only by a junior trainee surgeon (blue) versus hypothetical
surgeries performed only by a senior attending surgeon (or-
ange). Surgeries performed by the attending are slightly
longer (µ = 244.3.91, σ = 139.9) than those of the trainee
(µ = 233.5, σ = 125.9).

s1

s2

s3

s4

s5

s6

send

Figure 7: The state transition diagram for the surgery data
application.

As before, we considered the causal impact of surgeon ex-
perience on average length of surgery, evaluated by consider-

ing counterfactual trajectories and comparing to trajectories
observed in the data. Estimation of p(st|st−1,vt−1) at all
levels of st−1,vt−1 is not always possible due to finite sam-
ple limitations. To address this, we apply additive smooth-
ing to p(st|st−1,vt−1), based on the empirical distribution
p(st|st−1). Goodness of fit is illustrated in Fig 10 of the Ap-
pendix and results are presented in Fig 6. We have made consid-
erable assumptions in modeling our PDSEM and have closely
matched the generative model to the empirical distribution (Fig
10). We observe that the causal effect of surgeon skill on surgery
length, given our learned parameters, is close to zero. This in-
dicates that policies that govern the trade-off between the need
to train surgeons, and overall surgery quality (as quantified by
our outcome) are effective at our institution.

Generalizing statistical inference in PDSEMs with hidden
variables to likelihoods based on parameterizations of the
nested Markov model (Richardson et al., 2017) presents a num-
ber of open problems, especially for variables that are not binary
or not multivariate normal. We discuss these issues in Section
D of the Appendix.

7 Conclusions
In this paper, we have introduced the Path Dependent Struc-
tural Equation Model (PDSEM) for longitudinal data which
unifies complex state structure from DBNs and complex state
transition dynamics from MDPs. It can also be seen as a graph-
ical model generalizing the dynamics of a Markov chain with
state-specific dynamics. We have described counterfactuals as-
sociated with these causal models that can alter the subsequent
temporal evolution of the system, identification theory for such
counterfactuals in terms of the observed data distribution, and
described estimation. We showed the utility of the model in
clinical settings using simulations as well as real data from
a septoplasty surgical procedure. Developing novel methods
for efficient Monte Carlo sampling based statistical inference
for hidden variable versions of PDSEMs based on the nested
Markov model is a promising area of future work.
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Appendix

A Graph preliminaries
Let capital letters X denote random variables, and let lower case letters x values of X. Sets of random variables are denoted V,
and sets of values v. For a subset A ⊆ V, vA denotes the subset of values in v of variables in A. Domains of X and X are
denoted by XX and XX, respectively.

Standard genealogic relations on graphs are as follows: parents, children, descendants, siblings and ancestors of X in a
graph G are denoted by paG(X), chG(X),deG(X), siG(X), anG(X), respectively (Lauritzen, 1996). These relations are defined
disjunctively for sets, e.g. paG(X) ≡

⋃
X∈X paG(X). By convention, for any X , anG(X) ∩ deG(X) ∩ disG(X) = {X}.

We will also define the set of strict parents as follows: pasG(X) = paG(X) \X. Given any vertex V in an ADMG G, define
the ordered Markov blanket of V as mbG(V ) ≡ (disG(V )∪paG(disG(V )))\V . Given a graph G with vertex set V, and S ⊆ V,
define the induced subgraph GS to be a graph containing the vertex set S and all edges in G among elements in S.

In the subsequent discussion, we will denote an ADMG G on V by notation G(V), and a CADMG G on V given W by
notation G(V,W).

B The Nested Markov Factorization
It is recommended that the reader look up notation for graphs in Section A of the Appendix to follow this section.

B.1 Why do we need an alternative factorization?
A hidden variable CDAG G(V∪H,W) may be used to define a factorization on distributions p(V|W) in terms of the CDAG as:
p(V|W) =

∑
H

∏
V ∈V∪H p(V |paG(V )). However, inferences may be sensitive to assumptions made about the state spaces

for the unobserved variables and the latent variable model may contain singularities at which asymptotics are irregular (Drton,
2009). Additionally, such a model does not form a tractable search space: an arbitrary number of hidden variables and associated
structures may be incorporated that are consistent with observed data distributions.

Alternatively, a factorization of the marginal distribution p(V|W) can be defined directly on the latent projection CADMG
G(V,W). This nested Markov factorization, described in (Richardson et al., 2017) completely avoids modeling hidden variables,
and leads to a regular likelihood in special cases (Evans and Richardson, 2018). It captures all equality constraints a hidden
variable CDAG factorization imposes on the observed margin p(V|W) (Shpitser et al., 2018). In addition, p(Y (a)|W) (an
interventional distribution given a fixed context W) identified in a hidden variable causal model represented by G(V ∪H,W) is
always equal to a modified version of a nested factorization (Richardson et al., 2017) associated with G(V,W), described here.

B.2 The nested Markov factorization
The nested Markov factorization of p(V|W) with respect to a CADMG G(V,W) links kernels, mappings derived from
p(V|W) and CADMGs derived from G(V,W) via a fixing operation.

Kernel: A kernel qV(V|W) is a mapping from values in W to normalized densities over V (Lauritzen, 1996). A conditional
distribution is a familiar example of a kernel, in that

∑
v∈V qV(v|w) = 1. Conditioning and marginalization are defined in

kernels in the usual way: For A ⊆ V, qV(A|W) ≡
∑

V\A qV(V|W) and qV(V \A|A ∪W)≡ qV(V|W)
qV(A|W) .

Fixability and the fixing operator: A variable V ∈ V in a CADMG G is fixable if deG(V ) ∩ desG(V ) = ∅. In other words,
V is fixable if paths V ↔ ...↔ B and V → ...→ B do not both exist in G for any B ∈ V\{V }.

We define a fixing operator φV (G) for graphs, and a fixing operator φV (q;G) for kernels. Given a CADMG G(V,W), with
a fixable V ∈ V, φV (G(V,W)) yields a new CADMG G(V \ {V },W ∪ {V }) obtained from G(V,W) by moving V from
V to W, and removing all edges with arrowheads into V . Given a kernel qV(V|W), and a CADMG G(V,W), the operator
φV (qV(V|W),G(V,W)) yields a new kernel:

qV\{V }(V \ {V }|W ∪ {V }) ≡ qV(V|W)

qV(V |mbG(V ))

Fixing sequences: A sequence 〈V1, . . . , Vk〉 is said to be valid in G(V,W) if V1 fixable in G(V,W), V2 is fixable in
φV1

(G(V,W)), and so on. If any two sequences σ1, σ2 for the same set S ⊆ V are fixable in G, they lead to the same CADMG.
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The graph fixing operator can be extended to a set S: φS(G). This operator is defined as applying the vertex fixing operation in
any valid sequence σ for set S.

Given a sequence σS, define η(σS) to be the first element in σS, and τ(σS) to be the subsequence of σS containing all elements
but the first. Given a sequence σS on elements in S valid in G(V,W), the kernel fixing operator φσS

(qV(V|W),G(V,W)) is
defined to be equal to qV(V|W) if σS is the empty sequence, and φτ(σS)(φη(σS)(qV(V|W);G(V,W)), φη(σS)(G(V,W)))
otherwise.

Reachability: Given a CADMG G(V,W), a set R ⊆ V is called reachable if there exists a sequence for V \R valid in
G(V,W). In other words, if S is fixable in G, V \ S is reachable.

Intrinsic sets: A set R reachable in G(V,W) is intrinsic in G(V,W) if φV\R(G) contains a single district, R itself. The
set of intrinsic sets in a CADMG G is denoted by I(G).

Nested Markov factorization: A distribution p(V|W) is said to obey the nested Markov factorization with respect to the
CADMG G(V,W) if there exists a set of kernels of the form {qS(S|paG(S)) : S ∈ I(G)}} such that for every valid sequence
σR for a reachable set R in G, we have:

φσR
(p(V|W);G(V,W)) =

∏
D∈D(φR(G(V,W)))

qD(D|pasG(D))

If a distribution obeys this factorization, then for any reachable R, any two valid sequences on R applied to p(V|W) yield the
same kernel qR(R|V \R). Hence, kernel fixing may be defined on sets, just as graph fixing. In this case, for every D ∈ I(G),
qD(D|pasG(D)) ≡ φV\D(p(V|W);G(V,W)).

The district factorization or Tian factorization of p(V|W) results from the nested factorization:

p(V|W) =
∏

D∈D(G(V,W))

qD(D|pasG(D))

=
∏

D∈D(G(V,W))

( ∏
D∈D

p(D | pre≺(D))

)
,

where pre≺(D) is the set of predecessors of D according to a topological total ordering ≺. Each factor
∏
D∈D p(D | pre≺(D))

is only a function of D ∪ paG(D) under the nested factorization.
An important result in (Richardson et al., 2017) states that if p(V∪H|W) obeys the factorization for a CDAG G(V∪H,W),

then p(V|W) obeys the nested factorization for the latent projection CADMG G(V,W).

B.3 Identification
Not every interventional distribution p(Y(a)) is identified in a hidden variable causal model. However, every p(Y(a)|W)
identified from p(V|W) can be expressed as a modified nested factorization as follows:

p(Y(a)|W) =
∑

Y∗\Y

∏
D∈D(GY∗ )

p(D|do(pasG(D)))|A=a

=
∑

Y∗\Y

∏
D∈D(GY∗ )

φV\D(p(V|W);G(V,W))|A=a

where Y∗ ≡ anG(V(a),W)(Y) \ a. That is, p(Y(a)|W) is only identified if it can be expressed as a factorization, where every
piece corresponds to a kernel associated with a set intrinsic in G(V,W). Moreover, no piece in this factorization contains
elements of A as random variables.

B.4 Example of the nested factorization of a hidden variable PDSEM
A hidden variable PDSEM can be unrolled into a latent-projected ADMG if the model obeys restrictions given in Section 5.
For instance, Fig. 8 in this Appendix shows an example where the first two states of the system involve hidden variables. In
particular, the system at s2 is the front-door-graph previously encountered in Section 2. Transition graphs are in Fig. 8(c)-(e).

The nested factorization for the initial graph in Fig. 8 (a) has intrinsic sets

(a) : {A1}, {B1}, {C1}, {A1, B1}, {S1}

12



A1

B1 C1

S1

(a) s1

s1

s2 s3

(b)

A1

B1

C1

A12

B12

C12 S12

(c) s1t−1 → s2t

A2

B2

C2

A23

B23

C23 S23

(d) s2t−1 → s3t

A2

B2

C2

A21

B21

C21 S21

(e) s2t−1 → s1t

A1 A12 A23

B1 B12 B23

C1 C12 C23

S1 S2 S3

(f)

Figure 8: A hidden variable PDSEM. (a) Causal structure of the initial state S1. (b) The state transition diagram. (c),(d),(e)
Latent projected causal diagrams representing possible transitions and subsequent states. (f) A snapshot of a possible PDSEM
trajectory represented as an unrolled ADMG

with corresponding kernels

(a) : qA1
(A1) ≡ p(A1); qB1

(B1) = p(B1); qC1
(C1|A1, B1) ≡ p(C1|A1, B1); qA1,B1

(A1, B1) ≡ p(A1, B1); qS1
(S1) ≡ p(S1).

(11)

Similarly, the nested factorizations for the transition graphs in Fig. 8 (c),(d),(e) have intrinsic sets:

(c) : {A12}, {B12}, {C12}, {A12, C12}, {S12}
(d) : {A23}, {B23}, {C23}, {S23}
(e) : {A21}, {B21}, {A21, B21}, {C21}, {S21},

with corresponding kernels

(c) : qA12
(A12|C1) ≡ p(A12|C1); qB12

(B12|A12)) ≡ p(B12|A12); qC12
(C12|C1, B12) ≡

∑
A12

p(C12|B12, A12, C1)p(A12|C1);

qA12,C12(A12, C12|B12, C1) ≡ p(C12|B12, A12, C1)p(A12|C1); qS12(S12|C12) ≡ p(S12|C12).

(d) : qA23(A23|A2, C2) ≡ p(A23|A2, C2); qB23(B23|B2, A23) ≡ p(B23|B2, A23); qC23(C23|C2, A23) ≡ p(C23|C2, A23);

qS23(S23) ≡ p(S23).

(e) : qA21(A21|A2) ≡ p(A21|A2); qB21(B21|B2) ≡ p(B21|B2); qA21,B21(A21, B21) ≡ p(A21, B21);

qC21(C21|C2, B21, A21) ≡ p(C21|C2, B21, A21); qS21(S21) ≡ p(S21). (12)

Applying the Nested Markov factorization on the trajectory in 8 (f), we obtain the following factorization:

p(A1, B1, C1) · p(A12, B12, C12|A1, B1, C1) · p(A23, B23, C23|A12, B12, C12)

= {qA1,B1(A1, B1)qC1(C1 | A1, B1)}︸ ︷︷ ︸
(a)

· {qA12,C12(A12, C12|B12, A1, C1)qB12(B12|A12)}︸ ︷︷ ︸
(c)

·

{qA23(A23|A12, C12) · qA23(B23|B12, A23) · qC23(C23|C12, A23)}︸ ︷︷ ︸
(d)

,

where the kernels are given in (11) and (12) above.

C Proofs
Lemma 1 Under Assumption 1, p(Y(a)) is identified from a hidden variable causal DBN model represented by latent projections
G1 on V1 and Gt+1,t on Vt+1 given Vt if and only if every bidirected connected component in G1Y∗1 (the induced subgraph of
G1) is intrinsic in G1, and every bidirected component in Gt+1,tY∗i

(the induced subgraph of Gt+1,t) is intrinsic in Gt+1,t, where
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Y∗1 is the set of ancestors of Y∩V1 not through A∩V1 in G1, and for every i ∈ 2, . . . , T , Y∗i is the set of ancestors of Y∩Vi

not through A ∩Vi in Gt+1,t. Moreover, if p(Y(a)) is identified, we have( ∑
Y∗1\((Y∪A)∩V1)

∏
D∈D(G1Y∗1

)

q1D(D|paG(D) \D)|A=a

)
×

T∏
i=2

( ∑
Y∗i \((Y∪A)∩Vi)

∏
D∈D(Gt+1,tY∗

i
)

qt+1,t
D (D| paG(D) \D)|A=a,

)

where q1D and qt+1,t
D are kernels corresponding to intrinsic sets representing elements of D(G1Y∗1 ) and D(Gt+1,tY∗1

) in the
nested Markov factorizations of G1 and Gt+1,t, respectively.
Proof: We want to obtain p(Y(a)) from the observed joint p(V1:T ). Using identification result 5 on the unrolled ADMG
gives

∑
Y ∗\Y p(Y

∗(a)) =
∑

Y∗\Y
∏
D∈D(GunrolledY∗ )

p(D(pa(D) \ D))|A=a. Assumption 1 ensures that no district D

spans time points, and parents pa(D) at time t + 1 lie either at t or t + 1. This allows us to write
∑

Y∗\Y p(Y∗(a)) =∑
Y∗\Y

∏
D∈D(G1Y ∗ ) p(D(pa(D) \D))|A=a ×

∏T−1
t=1

∏
D∈D(Gt+1,tY ∗ )

p(D(pa(D) \D))|A=a. Applying the identification
results in Richardson et al. (2012) to the prior network ADMG G1 and extensions of these results in Sherman and Shpitser
(2018) to the transition network CADMGs Gt+1,t, these counterfactual conditionals can be replaced by given modified nested
factorizations, provided every appropriate bidirected connected set in the prior or transition graph is intrinsic in that graph. �

Lemma 2 Given a fully observed PDSEM, each factor of the distribution p∞(Y(a)) is identified from p∞(V) as:

p1(Y1(a1)) ≡
∏

V ∈Y1\A1

p1(V | paG1(V ))
∣∣∣
A1=a1

pij(Yij(aj)|Yi(ai)) ≡
∏

V ∈Yij\Aj

pij(V | paGij (V ))
∣∣∣Ai=ai,
Aj=aj

Proof: This follows from the factorization of p∞(V(a)) into elements of the form p1(Y1(a1)), and pij(Yj(aj)|Yi(ai)), the
fact that G1, {Gij : (i, j) ∈ T } define causal models under standard structural equation semantics, and equation 1 . �

Lemma 3 Under Assumptions 1, 2 and 3, given a latent variable PDSEM represented by G1 and {Gij : (i, j) ∈ T }, p∞(Y(a))
is identified from p∞(V) if and only if every bidirected component in G1Y1

is intrinsic in G1, and every bidirected component in
GijYj

is intrinsic in Gij for every i and j. Moreover, if p∞(Y(a)) is identified, it is equal to

p1(Y1(a1))

∞∏
t=1

 ∏
(i,j)∈T

(pij(Yij(aj)|Yi(ai)))
I(sit−1,s

j
t )

1I(s∗t−1) (13)

where

p1(Y1(a1)) =
∏

D∈D(G1Y∗1
)

q1D(D| pasG1(D))
∣∣∣
A1=a1

, (14)

where each kernel q1D(D|pasG1(D)) is in the nested Markov factorization of p1(V1) with respect to G1, and

pij(Yij(aj)|Yi(ai)) =
∏

D∈D(GVij\Aij
)

qijD(D| pasGij (D))
∣∣∣Ai=ai,
Aj=aj

(15)

where each kernel qijD(D|pasGij (D)) is in the nested Markov factorization of pij(Vij |Vi) with respect to Gij .
Proof: Assumption 3 implies all state transitions are known, and thus allows us to proceed by induction on any sequence of state
transitions with positive probability after t steps.

Unrolling the prior network, and appropriate transition networks for such a sequence yields an ADMG representing the
observed data distribution had that transition taken place, with Assumption 1 implying that districts in this ADMG do not span
multiple time steps. This immediately implies the conclusion by the same argument used in the proof of Lemma 1.

In fact, this argument works for any transition sequence of any size. �

D The Septoplasty Surgical Procedure, and its PDSEM Model
Septoplasty is a surgical procedure performed on the nasal cartilage, called the septum, to relieve nasal obstruction (Tajudeen
and Kennedy, 2017). A deviated or deformed septum is the most common cause of such an obstruction. Apart from nasal
obstruction, a significantly deviated nasal septum has also been implicated in epistaxis, sinusitis, obstructive sleep apnea, and
headaches which can act as diagnosis factors. The procedure involves cartilage resection, modification or a graft. The outcome
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of septoplasty is typically a score/index constructed from a questionnaire investigating quality of life measures and perceived
nasal obstruction levels, like Nasal Obstruction Septoplasty Effectiveness (NOSE) and the Fairley Nasal Questionnaire (FNQ)
(Fettman et al., 2009).

For instructional and evaluation purposes, surgeries are often divided into discrete steps or "stages", each with its own
intermediate goal (Ahmidi et al., 2015). Our data from the septoplasty procedure was manually annotated by clinical experts and
divided into the following states:

• s1: opening of the septum,

• s2: raising septal flaps,

• s3: removal of deviated septal cartilage and bone,

• s4: reconstruction,

• s5: closing of the incision,

• s6: activity not otherwise included in the above 5 phases,

• send: end of surgery state (which contains no variables).

The variables in our data are the following: V = { K: knife, G: gorney scissors, C1: cottle, D1: short needle driver, D2: long
needle driver, O: other tools, C2: suction cannula, M: main surgeon exists, S: suction exists, A1: main surgeon is an attending,
A2: suction done by attending, T: duration of that phase is greater than 10 seconds }

• Vs1 = {K, O, C2, M, S, A1, A2, T},

• Vs2 = {K, C1, O, C2, M, S, A1, A2, T},

• Vs3 = {K, C1, D1, D2, O, C2, M, S, A1, A2, T},

• Vs4 = {K, C1, G, O, C2, M, S, A1, A2, T},

• Vs5 = {D1, D2, O, C2, M, S, A1, A2, T},

• Vs6 = {K, C1, O, C2, M, S, A1, A2, T},

To determine the allowed state transitions , we retained observed data state transitions where at least 5 such transitions
occurred. The permitted state transitions si → sj are summarized in Figure 7 in the main paper – note that transitions other than
those depicted have probability p(sj | si,vsi) = 0 for all vsi . To determine the state transition distributions p(sj | si,vsi), we
restricted the set vsi for all i to be {A1,M,A2, S} to increase tractability of estimation, and estimated this discrete conditional
distribution via a conditional probability table. The prior distribution on the initial state was set to p(s1) = 1.

State DAGs were determined based on clinician recommendation and have been reproduced in Figure 9 for reference. These
immediately lead to prior variable distributions p(Vsi) for each state si.

Transition graphs from si → sj are constructed using a simple rule: the for any variable v in any state sj , the parents pa(vsj )
consists of the variable with the same name in the previous state si if it exists, and all parents in the state DAG for sj point
indicated by state DAGs. For example, in the transition s1 → s1 moving from time step t− 1→ t, variable K at time step t has
parents A1 at t, as given in Figure 9(a), as well as K from time step t− 1. However, in the transition s1 → s2 moving from
time step t− 1 to time step t, variable C1 has parent A1 in time step t, as given in Figure 9(b), but no parents from the previous
time step t− 1 since C1 does not exist in s1. Based on this rule, probability distributions p(vsj | pa(vsj )) are estimated using
conditional probability tables.

Goodness of fit of our model with respect to the original data distribution is shown in Figure 10. Trajectories simulated by our
model are able to capture the distribution of surgery duration originally seen in the data, quite well.

Implications for Statistical Inference For Latent Variable PDSEMs: If a PDSEM is fully observed, causal inference may
be performed by obtaining maximum likelihood estimates η̂ of all parameters, and evaluating the g-formula functionals using
Monte-Carlo sampling using learned distributions of the form p(V |paG(V ); ηV ). This method is computationally efficient as
long as the initial DAG and transition CDAGs in a PDSEM are sufficiently sparse. Indeed, our data application was based on this
approach.

However, an analogous approach is not straightforward for nested Markov parameterizations of the marginal PDSEM
representing a PDSEM with hidden variables. In our simulations, we use a specific generative model for our continuous variables,
i.e, the linear Gaussian Structural Equation model. Another choice based on work in (Evans and Richardson, 2014) is the Möbius
parameterization for binary variables. However, this is ill-suited for drawing samples. Instead, existing approaches to sampling
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Figure 9: (a)-(f) State DAGs corresponding to states s1: Opening of the septum, s2: Raising septal flaps, s3: Removal of deviated
septal cartilage and bone, s4: Reconstruction, s5: Closing of incision and s6: Activity not otherwise included in the above
phases.

Figure 10: Histograms of observed surgery (blue) versus simulated surgeries from the estimated model (orange).

from a nested Markov discrete likelihood involve first converting the likelihood expressed in terms of the Möbius parameters
to one expressed as a the joint distribution p(V) (from which it is easy to generate samples for a discrete sample space of V).
Importantly, such a conversion leads to an intractable object that requires storage and running time exponential in |V|. This
holds even if the underlying model dimension of the nested Markov model is small. The situation is radically different from that
of DAG models, where a small model dimension directly leads to a computationally efficient sampling scheme. For settings
beyond Gaussian and discrete data, statistical inference strategies are significantly more complicated and have been discussed in
Bhattacharya et al. (2020).

While there exist promising approaches, based on the nested Markov generalization of the variable elimination algorithm
(Shpitser et al., 2011), in general the problem remains open.

E Computation Details
The septoplasty data application presented in Section 6 was computed on a Lenovo X1 Carbon with an Intel i7 1.8 GHz processor
and 16 GB of RAM. Computation for each scenario (generating from the model without interventions, attending performing the
whole surgery, and trainee performing the whole surgery) took between 1.5 to 2 hours each.
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